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Introduction

Peierls Instability The standard explanation for charge-density wave (CDW) formation

“Recipe” for CDW …
• Charge gap at Fermi level 

(metal-insulator transition);

• Phonon softening at q=2kF;

• Permanent lattice distortion.

K. Rossnagel, J. Phys.: Condens. Matter 23 213001  (2011)
X. Zhu et al., Proc. Natl Acad. 
Sci. USA 112, 2367–2371 (2015)
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Linear Response Theory

Peierls Instability
C.-W. Chen et al., Rep. Prog. Phys. 79 084505 (2016) 

One-dimensional systems are 
highly susceptible at q=2kF

Fermi gas

Electronic 
susceptibility



Introduction

Peierls Instability
Fröhlich Hamiltonian

More 
generally

Criterion to CDW 
(Perturbation theory)For ideal 

1D systems *any* 
Electron-Phonon 
Coupling leads to 

CDW!

C.-W. Chen et al., Rep. Prog. Phys. 79 084505 (2016) 
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Introduction

Strong Evidence of a (non-
Peierls) CDW by EPC

X. Zhu et al., Proc. Natl Acad. Sci. 
USA 112, 2367–2371 (2015)

The Nature of CDW NbSe2

• No electronic 
divergence

• No FSN

• No metal-insulator 
transition

CDW at
qCDW =         

Measurements of phonon 
linewidth provide a direct 

measurement of EPC.

X. Zhu, et al. Advances in Physics: 
X, 2(3), 622-640 (2017).

M. D. Johannes, I. I. Mazin, and C. A. 
Howells, Phys. Rev. B 73, 205102 (2006).

Quasi-2D material
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Introduction

Cuprates

A. Lanzara et al, Nature 412, 510 (2001)
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Graphene
H. Zheng et al, Frontiers in 
Physics 6, 43 (2018)

Determination of the e-e interactions:
ab-initio + strongly correlated methods

Ueff/t < 3.8
QCP for the metal-insulator 

transition in the honeycomb lattice

Introduction



L. Balents et al, Nature Physics 16, 725 (2020)
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Introduction

How the EPI affects the properties of SCES?

We performed unbiased zero and
finite temperature auxiliary-field QMC
simulations in 2D lattices (square and
honeycomb) for an effective lattice
Hamiltonian that takes into account
both e-e and e-ph interactions:

The Hubbard-Holstein model.

• Occurrence of long-range order
• AFM
• Charge ordering
• Superconductivity

• Most of the works are at 1D;

• Most of the works for D>1 use
biased methodologies
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Quantum Harmonic Oscillators

Spin up electrons

Spin down electrons

Hubbard 
repulsion

Pictorial view

Model

t
t

𝑋

ions

Indirect interaction 
mediated by phonons

+U



Electron hopping term Electron-phonon interaction

Local Harmonic Oscillators

Hubbard-Holstein Hamiltonian
Model

Hubbard interaction
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Physical Quantities

Density-density Structure Factor:

Pair Susceptibility:

Adiabaticity ratio:

Parameters

Effective interactions:

(half filling)

Spin-Spin Structure Factor:

Correlation ratio:

s-wave

d-wave



Method I: (finite temperature) Determinant Quantum Monte Carlo (DQMC)

∆𝜏

𝜏
𝑀

𝑥

𝑁𝑠

Bosonic (phonon) action:

Minus-sign problem even at the half-filling!! (It depends on 
the system size, temperature, and interaction strength)



Method II: (projective) Auxiliary-field Quantum Monte Carlo (AFQMC)

∆𝜏

𝜏
𝑀

𝑥

𝑁𝑠

• Inversion sampling algorithm for 
singles moves (accept-reject)

• Integrate out the phonon fields
• No autocorrelation problem!
• It is sign-free for Ueff≥0

Severe sign problem for Ueff<0 



U/t

λ/t
Ueff<0 

DQMC

Ueff≥ 0 

AFQMC



Outline

• Introduction
• Peierls Instability and CDW formation
• Experimental motivation

• The model and methodology

• Results
• CDW, AFM and paring in the square lattice

• CDW and AFM in the honeycomb lattice

• Outlooks



Important …

CDW and AFM 
Instabilities

Fermi Surface

Square lattice exhibits FSN
and van Hove singularity 

at half filling
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model) CDW is expected for any EPI.

HOWEVER, in 1D a finite EPC is required for CDW

Metal-insulator transition
from a Luther-Emery liquid
to a charge ordered phase.

DMRG

Review paper…



The pure Holstein model (U=0)

In absence of Hubbard interaction (i.e., for the pure Holstein
model) CDW is expected for any EPI.

HOWEVER, in 1D a finite EPC is required for CDW

Metal-insulator transition
from a Luther-Emery liquid
to a charge ordered phase.

DMRG

Review paper…

How about the square lattice?

S. Karakuzu, et.al, PRB 98, 201108 (2018)

M. Weber, et. al, PRB 98, 085405 (2018)

T. Ohgoe, et. al, PRL 119, 197001 (2017)

Variational Monte Carlo approaches

Quantum Monte Carlo approaches

M. Hohenadler et. al, PRB 100, 
165114 (2019)

QCP for a finite EPC!

CDW for any EPC!
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The pure Holstein model (U=0)

DQMC Method

No finite critical electron-phonon
coupling for CDW for the pure
Holstein model!!
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The Hubbard-Holstein model (U=λ)

AFQMC Method

AFM QCP for U=λ !

Spin fluctuations are
stronger than charge ones.

Metal-Insulator transition?
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AFQMC and DQMC Methods

(DQMC) Average 
fermionic sign



The Hubbard-Holstein model (U≠λ)

AFQMC and DQMC Methods

No CDW, no AFM.
Metal or superconductor ?

(DQMC) Average 
fermionic sign
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The phase diagram of the Hubbard-Holstein model Metal or superconductor ?

> 0  att. channel

< 0 att. channel

s-wave



Partial Conclusions

• No finite critical electron-phonon coupling for CDW in the pure Holstein model;

• Existence of a metal-AFM transition on the line U=λ, with its critical coupling strength 

depending on ω0;

• First unbiased phase diagram for the HHM in the square lattice;

• Existence of a metallic-like region between CDW and AFM, with an enhancement of 

nonlocal s-wave pairing.
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Honeycomb 
lattice

Vanishing Density of States (half-filling)

• Finite U for AFM;

• Finite λ for CDW;

• Suppression of pairing 

F. Assaad et.al, PRX 3, 031010 (2013)

Y. Otsuka et.al, PRX 6, 011029 (2016)

Pure Hubbard model

Uc ≈ 3.8 t

Pure Holstein model

Y-X Zhang et.al, PRL 122, 077602 (2019)

C. Chen, et.al,  Phys. Rev. Lett. 122, 077601 (2019)

λc ≈ 1.60t  (ω/t=1)

λc ≈ 1.43t  (ω/t=0.5)
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DQMC Method



The pure Holstein model (U=0)

DQMC Method

The true antiadiabatic

limit seems to occur at 

very large values of  ω
Uc ≈ 3.8 t
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The Hubbard-Holstein model (U=λ)

AFQMC Method

Uc ≈ 3.8 t



The Hubbard-Holstein model (U≠λ)

AFQMC Method



The Hubbard-Holstein model (U≠λ)

AFQMC Method

DQMC Method
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The phase diagram of the Hubbard-Holstein model (honeycomb)

Extended Hubbard model

I. Herbut, PRL 97, 146401 (2006) W. Wu et al, PRB 89, 205128 (2014)

Long-range interacting Hubbard model

H-K Tao et al, Science 361, 570 (2018)
Y. Wang et al, 
ArXiv:1910.01792 (2019)



Partial Conclusions

• Complete description of the QCPs of pure Holstein model;

• Existence of a metal-AFM transition on the line U=λ, with its critical 

coupling strength depending on ω0;

• First unbiased phase diagram for the HHM in the honeycomb lattice, 

presenting its dependence with ω0;
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Outlooks

• Away from half-filling;

• Frustration (next-nearest neighbor hopping);

• Momentum-dependent EPC;

• Spin-orbit interactions.



Thank you for 
your attention!
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Peierls Instability

Kohn anomaly

X. Zhu et al., Proc. Natl Acad. Sci. USA 112, 2367–2371 (2015)

Permanent 
deformation 
on the lattice



Introduction

Peierls Instability

Summary… 

• Quasi-1D systems;

• Divergence on real and imaginary parts 
of electronic susceptibility (FSN);

• Metal-insulator transition at TCDW ;

• Phonon softening at q=2kF.
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Introduction

The Nature of CDW

Criterion to CDW 
(Perturbation theory)

Ideal 
1D Systems!

• What if we do not have an ideal 1D system? (“bad nesting”)
• How does temperature affect the electronic susceptibility?

M.D. Johannes, I.I. Mazin, Phys Rev B 77 165135 (2008)

C.-W. Chen et al., Rep. Prog. 
Phys. 79 084505 (2016) 

qCDW

The electron-phonon 
coupling (EPC) and/or 
the phonon dispersion 
should play a central 

role in CDW formation!!


