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* Short introduction to Matrix Product States
* MPS for general non-Abelian symmetries
* NA tensors and their algebraic properties

 Demonstration: NA-TEBD simulation of the post quench
dynamics in the SU(3) Hubbard model

2/21



Introduction to Matrix Product States

Generic pure state:

Y Corogeoy l01) @@ |0y) dim = d*
[ ¢ } Cut in two parts! left =[1,...,]]
* * * right = [l +1,..., L]
0102 OL

Schmidt decomposition

) = Z A ‘a’l>left & |al>right

S - .- B
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Introduction to Matrix Product States

Moving the cut: “Left unitarity”:
1 a’ 1Na’ * /
a1 = ) Aot @) e low) S Al (Al <
ap,01+1 o,a

Left canonical MPS ansatz:

|lj[]> Z Z "40'1 alAalo'g "t ACLL 101, ’0-1> @ |O-2> ® S ® |O-L>

-.ar,—1 014..

A[l]A[Z]AB] .A[L IA[L Approximation' truncation

afa} iaLli Z
O, O, O3 Or.1 Oy )\ ‘a’l left®|a’l>r1ght

CLl—

Truncation error: E
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Real time dynamics: the TEBD algorithm

H = Zh

—iHAL ~

€

(2)
1,0+1

A

+Zh

(2)
even T Hodd — Z hgk 2k+1

e—zHevenAt/2€—1H0ddAte—zHevenAt/Q

The Time Evolving Block Decimation algorithm:
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Symmetry group: G ¢mm) Symmetry transformations: f](g) ge g

Symmetric model: =) [ﬁ,b?(g)] =0, Vgeg

Locally generated symmetries:

U(g) =Ui(g9) @ Ua(9) ® - ®UL(g)
AN g v

Single-site transformations
Examples

* U(1) charge

* U(1) spin-z i Transformation in
,igoﬁ‘gi the color space

e SU(2) spin

- SU(3) x U(1)

Color charge a.b
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Structure of the Hilbert space H =span {|';t,m)}

] : Representation index
o1 Multiplet index (within sector] )

*m : Internal index, T, = [1 . .dim[‘]

Hilbert space of a single site

H; = span {‘I‘?CE Tiy i) |

Schmidt-decomposition of singlet (trivial) states

dimrl
> > >J W), T2t M) 1o ’Fl,tz,mz>mght
Fl tl ml—
) States in the conjugate
Non singlet states? |Ur ) representation
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Non-Abelian MPS states

Moving the cut
5, my =Y YN A ) ) e, T ) Dyt m) @ [T 7, )

[',['loc t,7 v m,u \

Generalized Clebsch-Gordan coefficients
O(I\’leoc’rf) _ (F,m, I\IOCDM‘ Fijm!)

/
m o
m u 8!

Outer multiplicity: «
* Labels the multiplets of the same I"’in the product I'® FIOC.

* It is always trivial for Abelian groups and also for SU(2).
U(1) charge: |n1> 03¢ |n2> = |n1 + ?’lg)
SU(2) spin: |Sl> %4 |Sg> = |S> , |Sl — Sg| < S < Sl + SQ

* Nontrivial multiplicities for SU(3) (and also SU(n>3))
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Non-Abelian MPS states

|F!;tf’mf> _ y: y: :A(F,FIOC,F,)ifTa Z C Floc T’ )m « |F, t,m) R |F10C;T’M>

[,[lec t,7 « m,p

lteration

= NSNS Al APy AR,

{rlec} {Ii} {t:} {m} {ou}
> Zc {ry g er o({ryPhymeez - orythoer
{mt}{ﬁft
- |F10C§ T17M1> R |F%OC;’T2,M2> R R |F}LOC§TL:,ML> ’

P
P
‘//

(T = (1;_q, Tec, 1))

* The upper layer contains all
the relevant information

 Bond-dimension reduction:
multiplets vs. states

* Block structure (NA-tensors)
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e S R
[, [lee t,7 « m, [

- Block-sparse tensors, block key: {I'} = (T, rioc ')

* Matching of irrep labels i1

e The A and C tensors on
the same site share all
three irrep labels

* The two A tensors on
adjacent sites share the
"bond” irrep label I';

my—1

* The two C tensors on
adjacent sites share the
"bond” irrep label 1';

: 1

» Dependencies dep(t;) = T';
dep(m;) =T

10/21 dep(a;) =



B rErHfde Ty =(I1...Tx)

1) Incoming and outgoing legs can be contracted.
Their dependencies must match.

2) The result tensor’s blocks are labeled by all the
irreps, but the matched irrep labels appear just once.

Additional rule:

3) If there is one or more representation indices in the
result tensor that no remaining (uncontracted) legs
depend on, then blocks must be summed over these

Motivation to 3) representation indices.

* (I—n‘ !/ I—w‘ f)
N (T1,muiTayma| T, M), (T, mi; Ty mh| T, M), ]" = 800 F2m)
M, T

ll iz'

!/
mo

my

ma
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Non-Abelian TEBD

(N7 7
re /
’Tlﬂf 7'2052

1 loc/ / | loc/
{F} — (Fleft ) Floc} Flm3 y Fcenter; I' FQOC:r I‘20(: ) I‘right)

center?
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Quantum Quench in the SU(3) Hubbard model

rF 3
o) = (H [ ) -

i=3k a=1 o
Measurements:
<n’i (t» =7 ‘ Technical questions:
<'n»i (t)?’?,j (t)) =7 - * How do these depend on the bond-dimension?
SVN _9 * How long can we simulate?
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Quantum Quench in the SU(3) Hubbard model

Datafor [/ = ()

3 M = 394 M = 20500 ---@---
95 | M =1990 ---%--- M = 44900 -« -A---
| M = 9800 exact

14/21



Quantum Quench in the SU(3) Hubbard model

Datafor [/ = ()
12 |
M = 394
10 + M =1990 ---
M = 9800
8 FM = 20500 ---
iz M = 44900 ---
o§ 6| exact
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Quantum Quench in the SU(3) Hubbard model

Datafor [/ > ()

—_
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01U =1 e
8t Lttt
7 S“ghﬂy lower *g_::aﬁ-x%x-x**u
0 growth rate  .**

o5 5 o M =374
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Numerical efficiency test

We can “lower” the used symmetry

SU(3) x U(1) = U(1) x U(1) x U(1) = U(1) = non.symm.

S W
|
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* Matrix Product States for general non-Abelian symmetries

* NA tensors and their algebraic properties

* General objects, do not dependent on a specific symmetry.
* They have simple contraction rules.
e Various MPS algorithms can be formulated with them.

* Demonstration: NA-TEBD simulation of the post quench
dynamics in the SU(3) Hubbard model

* Test of efficiency: almost two orders of magnitude
speedup compared to the best
Abelian case
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